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I Important Note

. Assad Bouayoun is XVA quantitative consultant at HSBC and prior to this was at
Scotiabank™ in London.

u | am grateful to Andy Mason, Sheir Yarkoni, Andrew Green, Ryan Fergusson and Karin
Bergeron for their help and continuous interaction.

. The views expressed in this presentation are the personal views of the speaker and do
not necessarily reflect those of their company.

[ |

Chatham House Rules apply to the reporting on this presentation and the comments of
the speakers.
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I Objectives
. Learn what is reverse stress testing and why it is important for
financial risk management
- Understanding how to apply it to XVA / total valuation.

. Following a concrete example of optimisation using simulated
and quantum annealing

XVA QBIT 2019




| BIO

Assad Bouayoun has over 15 years of quantitative analysis experience in investment banking.
He is a quantitative finance specialist focusing on total valuation including funding and
capital cost, xVA, risk, stress and reverse stress testing. He was responsible for designing
industry standard hedging and pricing systems in equity derivatives during his time
in Commerzbank, and had the same responsibility in credit derivatives while working for
Credit Agricole, and also in xVA in institutions like Lloyds, RBS and Scotiabank. Currently he is
leading the modelling team responsible for the research and development of the simulation
engines used for exposure computation within HSBC in London.

During the different projects Assad has undertaken in quantitative finance, he integrated
new technologies such as Cloud, GPU and QPU; new design (parallelization using graphs) as
well as new numerical methods such as AAD. He also participated to the firmwide data
standardization and integration that are essential aspects of the success of these projects.
He is also leading an effort to leverage quantum annealing for financial quantitative reverse
stress testing.

He holds a MSc in Mathematical Trading and Finance from Cass Business School and an MSc
in Applied Mathematics and Computer Science from UTC ( University of Technology of
Compiegne, France).




I Introduction

" Financial stress testing is becoming a dominant part of the arsenal built by regulators to protect the
economic stability from the eventual distress of one or a series of financial institutions.

" To avoid a combinatorial explosion, a number of arbitrary choices are usually made in relation to the
level of each shock, their combination and the time horizon. These assumptions although necessary,
are limiting the effectiveness of this technique.

" This presentation investigates the possibility of inferring the worst case combination of scenarios
maximising the XVA loss at a particular time horizon using quantum annealing developed by D-wave
(https://www.dwavesys.com/software).

" Is it possible to benefit from the speed and power of QA by expressing the XVA reverse stressing as a
QUBO (quadratic unconstrained binary optimisation) problem. As of today few attempts to exploit
guantum annealing in finance have been successful. One of the reason was the difficulty to find and
}‘ormu!aﬁe ahproblem in a shape that could be solved particularly well with this technique and not or
ess with others.

" The model is implemented using D-wave APl and compared to a simulated annealing benchmark.
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I Structure

. Definitions
. Qualitative reverse stress testing
- Quantitative reverse stress testing
[

Application to XVA / Total valuation

. Modelling

- XVA reverse stress testing formula

. XVA reverse stress testing as a QUBO problem
. Generalisation to multi-period case
. Optimisation
. Application to a simple portfolio of swaps
- Simulated annealing
|

Quantum annealing
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I Definition

. The US, UK and European regulatory stress testing frameworks are designed to prevent
failure of a systemic importance. This diverse set of scenarios is meant to uncover the worst
possible loss for each relevant institution at a time horizon.

" Stress testingbis finding the worst loss for a given set of shocks. It is not only a regulatory
requirement but also a different way of observing the risks taken by a financial institution.

. Reverse stress testing is finding the set of shocks giving the worst loss.

. There will be always a worst case scenario, but its severity can be reduced considerably
by finding the right mitigation.

[ |

A more quantitative and systematic approach with less assumptions can not only help the
rﬁgulatcl)r preventing another banking crisis, but also help banks better stress manage
themselves.

XVA QBIT 2019




I Defl ﬂ |t| O n Qualitative reverse stress testing

. The qualitative reverse stress testing is a top down analysis performed to reveal hidden
vulnerabilities of the business.

. It usually starts from identifying the different blocks of risk and their dependences. Then
adverse impact of different events are considered.

. It is a necessary step to build the worst case set of scenarios.

[ |

Examples:
Failure of a parent company
Impact of reputational risk
Drying up of liquidity for an asset class
default of an important counterparty / country

-» it is necessary but not sufficient.
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I Defl ﬂ |t| O n Quantitative reverse stress testing

. The idea is to lay the foundation of a more quantitative and systematic approach to
reverse stress testing with less assumptions.

. We aim at improving the capital and funding management of a financial institution.

. One way of achieving this is to avoid the set of shocks maximising the loss due to
unhedged risks (market, funding and credit).

[

Every risk factor is shocked according to its dependencies and its historical variance.
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I Defl ﬂ |t| O n Application to XVA / Total valuation

. We rely on the assumption that loss due to XVA is the right metric because:
Plain credit and market risk tend to be hedged
Residual risks contingent to counterparty and funding risk are more difficult to
hedge and therefore subject to reserves
- The computation of XVA includes all the mitigants put in place by the bank:
Agreements on netting, collateral and close out, margin, break clause.
Aggregation respecting netting, funding and capital sets
- We can define XVA = CVA + DVA + COLVA + FCA + MVA + KVA ( or something else)
. Or we can start by a simpler definition XVA = CVA + FVA
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I Defl n |t| O n Incomplete introduction to XVA

Deriving CVA in a simple case by semi-replication

If we consider a set of contracts defined by an aggregated payoff function ©(Xr)
depending on the financial market ¥, defined above, the arbitrage free value at time

t <=1T is therefore the expected discounted value under probability measure g using
the risk free rate r(t) of the payoff V (X, 1):

V(r,t) = B [ef "O4a(Xp)|X, = ] (9)

The Feynman-Kac theorem links SDE (Stochastic Differential Equations) with PDE
(Partial Differential Equations) by expressing the solution of the partial differential
equation as an expected value of a function of the stochastic differential equation:

r N N N
AV(x,t) 81 rﬂ 1 FV(et)y
Tdf—FZ,{ —_— 52? i jwdi’.‘ﬁdﬁj =0 (lﬂ:l

=1 =

The proot consists in starting from the solution, finding the martingale by taking its
differential and then set the deterministic part to zero.

A special case of this theorem establish the relation between GBM (Geometric Brow-
nian Motion) and BS ( Black-Scholes).
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I Defl n |t| O n Incomplete introduction to XVA

Deriving CVA in a simple case by semi-replication

We start from the same FEuropean pavoff & on an underlyving which market price is
modeled as a stochastic process X (t) following a geometric Brownian motion. The
underlying pays a yield y, and can be repoed (overnight repurchase agreement) at
rate g,. This derivative is bought from a counterparty C' by the entity B.

A collateral agreement is signed with collateral amount C'4; and close out condition
ge(CO., CA;) on counterparty C' default depending on C'O,., the close out value of the
derivative.

If we consider V; and V;, the risk neutral values of the derivative with and without
counterparty credit risk and V;, the sum of value adjustments is then:

Vit) — VI(t} = XV A(t) (12)
There are only three financial risks affecting the value of this derivative for B:

e the change in the underlving price
e the possibility of a default of the counterparty

e the change in the interest rate considered as risk free (OIS)
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I Defl n |t| O n Incomplete introduction to XVA

Deriving CVA in a simple case by semi-replication

The value of our derivative is the cost of its replication portfolio. The replication
portfolio II; is a basket of primary market instruments built in such a manner that a
change in its value is offset by the change in value of the derivative. It includes all the
necessary risk mitigants, the underlying, the bonds issued by the counterparties, the
collateral and the cash amounts accumulated by borrowing or lending them:

e the underlying at a rate 5, = y, — ¢, such that dj5, = é(y, — g, ) X;dt

e the collateral at a rate 3., such that df., = —r.,CA.dt

e the bond P at a repo rate df. = —q.FP{dt and zero recovery and zero coupon
with jump to default J. such that dPf = r“Pfdt — PFdJ°

e the risk free bond P at a risk free rate rsuch that dF; = rP;dt

The portfolio can then be written as follows:

II; = 6X; +a.PE +aP; — CA; + Bea + Ba (13)
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I Defl n |t| O n Incomplete introduction to XVA

Deriving CVA in a simple case by semi-replication

The infinitesimal change in replication portfolio is then:

dll, = 6dX, + a.dPC + adP, — CA, + dB.. +dB. (14)

Replacing each term by its expression gives :

dIl, = 6dX, +0(y, — qo) Xedt +arPodt +r°Pedt — PedJe + a.q. Pedt — 1o, CAdt (15)

The partial differential equation (PDE) of the counterparty risk risk adjusted value
(with .ﬂl—"; = g-(CO., CAs) — V; defined as the change in value of the derivative at
time of default) ean be derived easily by applying Ito lemma:

, OV

- 2
Fdt + S<odX 4 So(t)X

2V,
0X?

+ AV, dJ* (16)

The standard close out function g.(C'O,, C'4;) is often defined as a function of the
recovery rate H¢ and the value of the derivative V7:

g.(CO.,CA,) = RY(V, — CA)T + (V, — CA,)™ + CA, (17)

XVA QBIT 2019




Defl ﬂ |t| O n Incomplete introduction to XVA

Deriving CVA in a simple case by semi-replication

The infinitesimal evolution of the risk less portfolio IT, 4V, value constituted of the
derivative and its replication portfolio must be on average mull, or at least driftless:

dIl, 4+ dV, = Adt + BdX + CdJ° (18)
with
(L [ov 1 0PV | A
A= p dt + Ea{t)X e + 0(Ye — @ ) Xt + ar Py 4+ ao(r0a — qe ) Py — reaC As
oV,
4 _ t
B=|i+oy
C=AV, —a.Pf

\

(19)

XVA QBIT 2019




Defl ﬂ |t| O n Incomplete introduction to XVA

Deriving CVA in a simple case by semi-replication

The variation of the value of this portfolio is null if each term A, B and C are null.
This implies:

(oV, 1 2, 0%V,
St + 5o X =<

v,

X

a P =g (CO. CA) -V,

+ 'ﬁ{yﬂ‘ — s }Xf + arP + ‘D’C(Tc‘a e }P —TeaC Ay =0

o

§=—

(20)

We can then replace Vr{t) by its value ( Tr-"r(t} = V(t) — XV A(t)), then eliminate V(t)
because it is solution of Black, Scholes and Merton PDE:

P2V,
e

AV,
5 —dt +0(y: — gz )

Megx 4 L 50(1)X*

vy = X

+—rV =0 (21)
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Defl ﬂ |t| O n Incomplete introduction to XVA

Deriving CVA in a simple case by semi-replication

We assume the difference between repo rate and vield on the counteu:ra,rh hond is
corresponding to the hazard rate of the Counterpart} default process A, e = Qo
and define the collateral spread of the risk free rate as s., = ro.o — 7. Here o is the
quantity of risk free bond used to finance the collateral and the derivative defined in
the financing formula V; — C4; 4+ o P, = 0. We can rewrite the PDE for V; as follows:

c}l V LV, av,
df —U{t]X Xz (yr — qw]ﬁ +arP; + Ao(g(COLCA) =V, ) = (8pa —7)C A =0

4 '

oV, , 02V, av, L B

5z —dt + cr(f )X CJX2 — (Y — @z ) === 5 PV, + Aelgo(CO., CA) = V) = 5,0CA; =0

“ (22)
Removing the PDE for V; we obtain the PDE for XV A;:
OXV A .-:i'}d Ag 9 dg}d Ay .
dt — (y, — dX + t) X - A)XV A =

— Ae(9.(CO., CAy) — V) + smmf
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I Defl ﬂ |t| O n Incomplete introduction to XVA

Introduction to FVA by relaxation of risk free rate self financing

Risk free self financing must be relaxed as it is not anymore a realistic assumption
in modern finance. The financing formula must rely on risky financing and allow for
hedging of defaults. We therefore need a new degree of freedom. As we remove the
possibility of funding using the risk free bond. we must introduce two new bonds to
finance our new risk free portfolio.

For this we need an extra degree of freedom. We then introduce the bonds PP!
and PP? issued by the bank B with repo rate ¢,; < g2 ( here the first bond is more
senior than the second bond) and recoveries R®! and RP?:

’dePBl—l

— B4t — (1 — RBY)dJB
dPB2pB2~! — 1 B2gt _ (1 — RB2)qJB
Bl = (1 —-RPYHYAR

rB2 — = (1—-RB%\pg

.
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Defl ﬂ |t| O n Incomplete introduction to XVA

Introduction to FVA by relaxation of risk free rate self financing

The infinitesimal variation of the risk free portfolio can be written as follows:

dTT, =5d X, + 6(ys — qu) Xodt + r°Pedt — PCdJ+
apdPPY + aypd PP? — apiqpiPpidt — apaqpaPpadt (36)
eqePidt —r CAdt

We have then

dIl, + dV, = Adt + BdX + CdJ® + Dd.J" (37)
with
( v, 1 L, 92V, .
A=—bdt + 50()X* S5 + 8(ys — 42)Xo — reCA+
o(re — qo)Pf 4 api(rpr — 1) PP + apa(reas — qp2) P2
4 v/ (38)
B =6 i
T ox
C =AV,“ — o, Pf
| D =AV," — ap (1 — REYPP' — ap,(1 — RP?)PP?
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I Defl ﬂ |t| O n Incomplete introduction to XVA

Introduction to FVA by relaxation of risk free rate self financing

Its variation is null if each term is null. The last term corresponding to the hedge
of the default of the bank (self) is problematic because it is difficult to rebalance the
portfolio around the default event. We assume the bank is not using repo with its own
bond and does not hedge its own default in case of gain to protect the debtholder. An
hedging error €, = D is therefore introduced:

apirP PP 4 aporB?PP? = .CA; — (r + 2NV, — No(en — gu(COy, CAy))  (39)

We use the formula canceling B, €, the financing formula, the default intensity for-
mulas to rearrange the equation for A and we obtain the PDE for the adjusted price
with the boundary condition Vi = H(X7) :

ov, 1 9%V,

v, :
dt + —o(t)X? — (Y — g )X —L —(r+ X+ NV, =

'rcaCfAt - ’\bgb(COba CAt) - /\cgr_‘.(com CA'E‘} - Eh’\b

(40)
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I Defl ﬂ |t| O n Incomplete introduction to XVA

Introduction to FVA by relaxation of risk free rate self financing

Semi-replication with only one bond:The bank issues only one bond vielding r* = r+s®,
with s°. the funding spread. This bond is used to fund the derivative and its collateral
and there 1s no other degree of freedom to hedge the bank default. The error becomes

en = gp(C'Oy, C'Ay) + PP for:

ap1 PPL =0
. 46
('T,[;,QPBE — 1; +xV A, ( 1)
Using exactly the same logic as before we get the following formula for XV A;:
oxV A, coxvVA, 1 _EGQKVA,: b .
If — \Yr — Y *X - Jrji - f- _.X_ —_— — T /\C K1 ‘4_ =
g 0= (e = @)X T2 dX 4+ 50X == — (M AV A = )

FeaC Ay = A(0o(COL CA) = V,) = $(g(CO,. CA) = V)
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I Defl ﬂ |t| O n Incomplete introduction to XVA

Introduction to FVA by relaxation of risk free rate self financing

We have directly:

) T
CVAp = —(1- Ro)Ac / ¢TI ORALINE [V (5) — CA(s)] T ds
t

T 2 _h (48)
FVA, = _/ -wb(ﬁ)fﬂ_ Je A (wdu g [V(s) = CA(s)] ds
t

\

We can observe the disappearance of the bank own hazard rate and the discounted at
the funding rate. These formula are widely used currently.
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I Optimisation Simulated annealing résults

" If we include non convex payoffs, the XVA is more likely to becomes non convex:
Non convex payoff
1.0000 0.05000
0.9000
0.04000
0.03000
0.02000
0.01000
-0.01000
0.1000
-0.02000
(3.00) (2.00) (1.00) - 1.00 2.00 3.00 4.00
" Non convexity can also come from hedged portfolio where the first and second order derivatives are
often partially cancelled.
m

Collateral and initial margin can also accentuate non convexity, create discontinuities.
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| Modelling

. This section shows how the XVA reverse stress testing problem can be defined and how
it can be reformulated into a QUBO problem.

. As part of the XVA risk management (see AG XVA ), we want to identify the worst case
market scenarios at several given time horizons for a group of portfolios of financial
derivatives.

[ |

A worst case market scenario can be defined as the scenario maximizing the losses due
to XVA variation. This loss can be computed as a function of its aggregated partial
derivatives (known in finance as the sensitivities or Greeks)
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I MO d EI I | n g XVA reverse stress formula

is theta, the
sensitivity of XVA
with respect to time.

is the sum of all value are the gamma or cross

adjustment following gamma sensitivities with
the standard convention respect to the factors.

of negativity for costs It can be computed They are computed in the
and  positivity  for analytically. same way as delta.

benefits. l /

) Y ) M u.'l_'- ~ 0
. L L OXVA, ROXVA 1o
XVA(t+dt, #+dr) = XVA+— —dt+ § ——drit+5 _E §_

are the delta or Vega sensitivities
with respect to the factors. They

usually are computed analytically
using finite difference or AAD.

is the vector corresponding to all the credit market
and correlation factors influencing XVA. This vector
can have different representation. It is possible to
switch from one representation into another by
Jacobian transformation.

XVA QBIT 2019




I MO d EI I | n g XVA reverse stress formula

. Choosing the vector of risk factors is not a trivial exercise as factors are linked by no-
arbitrage rules.

. A scenario where each risk factor is shocked independently won’t therefore be realistic.

[

A reasonable remediation would be an historical principal component analysis to select
the most important independent factors and their share of the variability of the original

data.

. It is then easy to change variable in equation 1 from the original set of factors to the
principal factors.

. An welcomed consequence is a reduction of the dimensionality of the problem.

- This solution would then use historical data to determine the set of independent factors

and the size of the shocks.
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I MO d EI I | n g XVA reverse stress formula

. If we assume that XVA is regular enough over one day, we can inject daily shocks to all
the factors in the Taylor approximation to compute the stressed XVA:
, , . 9XVA N axvaA 1 L X a2Xv A
XVA(t+At, #+Az) = XVA+— At+; oz, ﬁil‘r;—l—E; ; 5207, Az;Az,
(2)
- These factors are then employed in the calibration of the stochastic risk factors: interest

rate and foreign exchange rate principally (but this could extend to inflation credit and
equity as well). The model can produce the XVA and sensitivities of each value
adjustment with respect to each factor. This computation is expensive; it is therefore
preferable to find a short optimisation path for the maximisation of the loss due to XVA.
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I MO d EI I | n g XVA reverse stress formula

. Traditionally, financial institutions rely on a small set of market scenarios chosen by
practitioners in cooperation with regulators. This can be problematic as future stresses
won’t necessarily be assembled in the same manner as those driven by past experience.

- For XVA in particular, computing impacts for all combinations of scenarios would be too
expensive. To circumvent these limitations, we investigate the use of several search
algorithmes.

[

In this regard, quantum annealing seems to be particularly powerful for the resolution of
qguadratic unconstrained binary optimisation. For this the reverse stress testing problem
defined precedently must be reformulated into a QUBO problem.
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I MO d EI I | n g QUBO formulation

. Quantum annealing is a technique used to solve quadratic unconstrained binary
problems. It is minimising an energy function over a set of binary variables (C McGeoch,
Adiabatic Quantum Computation and Quantum Annealing):

N N i
E(XLXQ?---yXN)ZZ&X?;—I-ZZQ@><X:r'XXJ' (3)
i=1 =1 j=1
With
Xﬁ = {0.1}
(4)
ci,Qij € R
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I MO d 6| I | n g XVA reverse stress testing as a QUBO problem

Each shock Az;, once determined can be applied positively or negatively. If we
define the absolute relative shock on x; as Az;, then the binary variable X; can
take the value 0 if the shock is Az; or 1 if the shock is —Azx;. We can the write
that the total shock for the factor i is (2X; — 1)Ax;.

As XVA is defined as a cost when negative, the loss is maximised when the XVA
is minimised:

dXV A
ot

argmin [Xv_q(r. + At 7+ Ez.)z‘}] ~ XVA+
X

At+

(3)

N -
OXVA 52XV A
; o (2Xi — DAz + 5 Z;; 5o (i~ DAT(2X; ~ DAz,
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I MO d EI I | n g XVA reverse stress testing as a QUBO problem

X

_ Xm A ?XV A
argmin lz X;Az; + ZZ 0z, XiAz; XAz
i=1 i=1 j=1

If we use the fbllowingl notations:

The minimisation does not
change as long as we include
in the argmin function only
factors that are independent
from the argument of the « E(X) € R the energy to mmlmlze/

X
minimisation. This equation B(X) = — [XVA(t + A7+ &r.X) + XVA(t + At 7 + Ar) — 2XVA — 22574 0|
is then equivalent to :

OXVA A ..
T

 ¢; € R the linear coefficients / ¢; = =5

» (Qij € R the quadratic coefficient / Qi; = %;t}; Az;Az;

We finally obtain the QUBO formulation :

N N N
argmin [E(f)] =Y X+ 3 Qi XX, (7)

X i=1 i=1 j=1
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I MO d EI I | n g Generalisation to muti-period case

. The XVA reverse stress testing can be generalised to multi-period case by running
successively the XVA and sensitivity calculation on the worst case combination of
scenario computed by quantum annealing for the precedent day.

. Direct reverse stress testing XVA over a longer period is not possible for several reasons.

. First, the XVA function is not regular enough to be approximated by a Taylor expansion
for large changes in its variables.

- Second, the XVA computation can run in the future only if each trade is ageing correctly.
It means the correct population of the different fixings and the application of all exercise
conditions. This can be done only if the shocks have been identified for each day
preceding the stress run. This issue can be solved by iterating through the computation
of the worst case scenario and using it as the base case for the next day. This leads to the
construction of the path to the worst loss for a long period that could extend to one
month or even one year.
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I MO d EI I | n g Generalisation to muti-period case

. The algorithm can be summarized as follows:

1 Analyse risk factors and determine independent factors and correlations shocks.

2 Compute XVA and sensitivities for date t.

3 Find the binary variable corresponding to the shocks maximising the XVA using
guantum or simulated annealing.

4 Age all the trades by applying all fixings and exercise, and break conditions.
5 Compute the new XVA value for t=t+1 using the precedent combination of shocks.
6 Restart at step 2 until reaching the desired period (3M, 1Y)

. The solution is then a sequence of binary numbers corresponding to the combination of
shocks for each date.
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I Optl m IS&'[IOH risk factors

. The numerical experiment is based on a simple implementation of a three factor model
for interest rates and foreign exchange:
" USD and EUR interest rates follow each a HW process
EURUSD foreign exchange rate follows a pseudo lognormal process

. There are 12 different risk factors:
USD short interest rate

USD volatility of the short interest rate
EUR short interest rate

EUR volatility of the short interest rate
EURUSD fx spot

EURUSD volatility of the fx spot
Correlation EUR / USD

Correlation EUR / EURUSD

Correlation USD / EURUSD

Funding spread

Credit spread

Recovery rate
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I Op“ MmiIS at| on Application to a simple portfolio of Swaps

. . . . . .
We build randomly a portfolio of interest rate swaps with random:
. .
Side,
. .
maturity,

u Payment, Minimum Initial value Maximum Bump (sensitivity) |Bump (shock)
FUNDING 0.0001 0.0010 0.0200 0.0001 0.0050

u Fre quency CREDIT 0.0001 0.0100 0.0200 0.0001 0.0050
RECOVERY 0.0100 0.4000 1.0000 0.0100 0.5000
IRDOM 0.0100 0.0500 0.2000 0.0100 0.5000
IRFOR1 0.0100 0.0500 0.2000 0.0100 0.5000
FX1 0.5000 1.1000 2.0000 0.0010 0.0500
IRDOMVOL - - 0.0500 0.0010 0.0050
IRFORVOL1 - - 0.0500 0.0010 0.0050
IRFXVOL1 - - 0.0500 0.0010 0.0050
IRIRCORR12 - 0.6000 0.4000 0.6000 0.0100 0.0500
IRDOMFXCORR1 - 0.6000 0.4000 0.6000 0.0100 0.0500
IRFORFXCORR11 - 0.6000 0.4000 0.6000 0.0100 0.0500

[ |

We set the input parameters as displayed above.
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I Opt|m|Sat|On results ®

- Simulated market values, CVA and FVA are computed for a particular portfolio.
. The corresponding Jacobian (first order derivatives) vector and the Hessian matrix (second
derivatives) are also computed using AAD.
. First and second derivatives of each risk factors are multiplied by the corresponding shock. A test is
performed to remain within the range defined by the precedent table.
- Running the model we obtain the vector and the matrix of the QUBO.
Jacobian x Shock Hessian x Shock | x Shock j
i Qij

FUNDING
CREDNT
RECOVERY
IRDOM
IRFOR

Fx - 143
IRDOMVOL 8.14
IRFORVOL - 27
IRFXVOL - 00
IRIRCORR 0.12

IRDOMFEXCORR |- 002
IRFORFXCORR 0.01

Figure 3: Figure displaying the QUBO vector and matrix
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Optimisation resuits .

The properties of the Hessian are depending on market conditions and on the portfolio. The Hessian
used as example has positive and negative eigenvalues.

The pricing function is an aggregation of composition of functions that are not always convex.
The non convexity is in particular coming from the payoff functions, collateral and initial margin.

The hyperrectangle defining the space all possible combination of inputs is bounded by financial
constraints:

Volatilities can’t be negative

Foreign exchanges can’t be negative

Some variables are hitting the boundary at the minimum because the function is convex to their
respect. In that case they could be removed from the optimisation to reduce the dimensionality:
here credit spread is monotonously increasing xva in that model.

The system is not fully unconstrained:
Total variance of the foreign exchange must be null or positive.
Correlation matrix must be semi-definite and positive
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I Optimisation resuits .

. Exhaustive results : If we compute all the set of possible scenarios ( 2212 = 4096), we

obtain easily the minimum ( scenario number, energy and the binary vector solution):

Soenario Energy FUNDING CREDIT RECOVERY | TRDOM IRFOR FX IRDOMVOL IRFORVOL IRFXVOL IRIRCORR IRDOMFXCORK IRFORFXCORR
1 0 0 0 0 0 a 0 0 0 ] a 0
2 0.02 0 0 0 0 a 0 0 0 1] 1] 1
3 0.02 0 0 0 0 a 0 0 0 ] 1 0
4 05 0 0 0 0 a 0 0 0 1] 1 1
5 0.13 0 0 0 0 a 0 0 0 1 a 0
[ 0.26 0 0 0 0 a 0 0 0 1 a 1
7 0.26 0 0 0 0 a 0 0 0 1 1 0
8 0.8 0 0 0 0 a 0 0 0 1 1 1
9 -0.02 0 0 0 0 a 0 0 1 1] 1] 0
1277 -2,393.20 1 0 0 1 1 1 1 1 1 1] 0
1278 -2,512.42 1 0 0 1 1 1 1 1 1 a 1
1279 -2812.40 1 0 0 1 1 1 1 1 1 1 0
1280 -3,231.64 1 0 0 1 1 1 1 1 1 1 1
1281 -267.78 1 0 1 0 a 0 0 0 1] 1] 0
1282 -3.04 1 0 1 0 a 0 0 0 ] a 1
1253 -3.04 1 0 1 0 a 0 0 0 1] 1 0
1284 251.69 1 0 1 0 a 0 0 0 1] 1 1
405 -61.94 1 1 1 1 1 1 1 1 1 1 1 0
4096 -25.64 1 1 1 1 1 1 1 1 1 1 1 1
Min = 1280 | -3,231.64 a 1 0 0 1 1 1 1 1 1 1 1

Table 4: Table showing all the different risk factor scenarios and their energy
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I Optl m |Sat| O n Simulated annealing applied to QUBO  ©

Simulated annealing is an algorithm used for solving unconstrained optimization prob-
lems. The method models the physical process of heating a material and then slowly
lowering the temperature to decrease defects, thus minimizing the system energy.

A binary version of this algorithm. is used to solve the QUBO system. This algorithm
can be described as follows: the neighboring function returns a list of vectors where
at most one binary variable has changed. For each neighboring vector, the energy is
computed. One of them is selected randomly. If its energy is lower than the previous
state, it is replaced. Else it is replaced with a probability depending on the difference of
energy between the two states and the number of iterations of the algorithm. It means
that the algorithm’s acceptance of non optimal states is decreasing as it converges in
time and energy.

As the number of iterations grows, the probability of selecting an optimal state con-
verges to one. The optimal solution is found when there is no better neighbor and the
probability of choosing the best is one.
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I Optl m |Sat| O n Simulated annealing applied to QUBO  ©
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Figure 1: simulated annealing selection of solution process
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I Optimisation Simulated annealing results

- The simulated annealin%_alg_orithm_choo_se the best of three different mutations of the
scenario with a probability increasing with iteration (time) to avoid local minimums at
the start.

q F'ftibl:sabilityI to use tlhe best rnutationl of the sltre:fx_s_szt_:le_n_aiic: Tr_itiat_igni i S Energy level per iteration
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Figure 6: Figure showing the energy per iteration

Simulated annealing is converging in this case really fast as only 70 iterations are
needed to reach the minimum energy. It is however difficult to extrapolate.
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Optimisation Simulated annealing results

. The distribution of energy levels can not be approximated as shown below:

Energy level per iteration

frequency

0

-6000 -5000 -4000 -3000 -2000 -1000
energy level

A simple observation of the distribution of energy levels confirms the difficulty to
approximate the negative tail having an isolated scenario at the far end of this tail.
This is consistent with the presence of large and tall barriers between minimums.
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I Optimisation Simulated annealing résults

For another problem involving this time four currencies we have 38 risk factors ( 4 interest
rates, 3 foreign exchanges we obtain the following performances using the exhaustive
algorithm computing all the combinations of shocks and simulated annealing.

We therefore slice the vector and the matrix of our QUBO to build smaller equivalent
problems from dimension 5 to dimension 20. We obtain the following results:

Compute time per dimension for exhaustive method and simulated
annealing

700.00
600.00
500.00
400.00

300.00

time in seconds

200.00

100.00

H—.—.—H—.—O—O—.——.—.—.—.—.—.—.—H—H‘./.

0 5 10 15 20 25 30

exhaustive  —@=—simulated annealing

XVA QBIT 2019




I Optimisation Simulated annealing résults
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We can also run the simulated annealing algorithm directly in continuous

mode, but:
the results are slower to get

The solution can’t be scaled to the actual shocks of the reverse stress test.
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I Optimisation Simulated annealing résults

" In lower dimension inflexions du to the presence of multiple minimum are difficult to see:
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I Optimisation Quantum annealing .

Recent advances in commercial quantum technologies have given rise to widespread
industry investigation into their practical usefulness. Quantum computing holds particular
promise, as the field aims to tackle the most difficult computational problems known in
mathematics, computer science, and physics. Specifically, the quantum processing units
(QPUs) produced by D-Wave Systems have been subject to research in a variety of areas,
such as the automotive industry, qguantum simulations of materials, operations research,
and more.

These QPUs implement a quantum annealing algorithm, where qubits (quantum bits) can
be prepared in a simple initial energy configuration where all qubits are both 0 and 1
(quantum superposition), and are then evolved to a final configuration corresponding to a
combinatorial optimization problem.

It has been shown that if this quantum system is evolved carefully enough, the qubits
remain in the minimum energy configuration. The qubits can therefore be used to
represent variables, whose values (0 or 1) are determined by the QPU in an attempt to
minimize the energy of the system.

The quantum properties of the qubits, such as entanglement, superposition, and
tunnelling, are used during the annealing process to compute solutions, and can
potentially provide a speed-up over classical algorithms.
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I Optimisation Quantum annealing .

" The Hamiltonian representing the mapping between the eigen states of the qubits and their energy
has two components:
The initial Hamiltonian defining the lowest energy state.  #.,, - -2 (ch;.fi') +B0 (z_nr-a;fi'+Df,_fa;“a;fﬁ') @)
The final Hamiltonian defining the actual QUBO to solve. fital Hamiltonian T -
- The quantum annealing process consists in slowly introducing the final Hamiltonian while removing
the initial one.
" As the annealing progress, the system is finding closer energy levels from the ground.
\\\:1-‘% hh-x—_ - _J;____..-"'"-ff’f
:3'3 T~ \H f'f
o H“"---..____h__ﬁ — —‘d_;ﬂ
e I
Ground c'[':“"a\.' - —""-__*_ Minimum gap

Time

Figure 2.4: Eigenspectrum, where the ground state is at the bottom and the higher excited states are
above.
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I Optimisation Quantum annealing results

Interacting with the D-Wave™ system is
extremely simple and can be done in python
or Matlab by just creating a DWaveSampler,
populating with the correct biases (vector)
and couplers (matrix), sending a request and
receiving the response. The response
contains several results and guarantees that
the optimum solution is included with a high
probability. It is therefore necessary to check
which solution is the best.

Before interacting with the machine, the
QUBO needs to be mapped to the topology
of the machine. Indeed the working graph
representing all the qubits and their
connections is not fully connected.

Figure 7: Figure showing the connectivity of the graph from D-Wave™
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Optimisation Quantum annealing results

The qubits are organised in a Chimera graph. A technique known as "Minor Embedding" is used
to merge nodes in the graph to increase the graph connectivity. They need to be "unembedded"
when we obtain the result.

We can therefore use the software provided by D-Wave™ to automatically find a correct
embedding. The embedded problem is then solved by the QPU. The problem will have to be
unembedded from the output to get the answer to the original problem. For our simple test
example the quantum annealing results are as follows:

FUNDING CREDIT RECOVERY | [RDiOM IRFOR FX [RDOMYVOL [RFORMVOL IRFEVOL IRIRCORR [RDOMFECORR [RFORFXCORR

a 1 a a 1 1 1 1 1 1 1 1

Table 5: Table showing the result from QA 1. anneal_time_per_run: 20

2. post_processing_overhead_time: 12208
3. gpu_access_overhead_time: 3046

It is the correct solution as it is corresponding to the result 4. qpu_access_time: 23361
5. gpu_anneal_time_per_sample: 20
6. gpu_delay_time_per_sample: 21
7. gpu_programming_time: 15163
8. gpu_readout_time_per_sample: 123

9. gpu_sampling_time: 8198

from simulated annealing and the exhaustive computation

of all combinations.

Another interesting result is the time spent computing 10. readout-time per_run: 123
11. run_time_chip: 8198
the reSUIt (In micro SeCOndS): 12. total_post_processing_time: 12208

13. total_real _time: 23361
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I Optimisation Quantum annealing results

. For this particular example we find total real time really close to the compute time
using simulated annealing (0:023361 0:024930).
. This shows that QA is at least as fast as SA. It is important to carry out further tests
but with an increasing number of factors to confirm the superiority of QA over.
. A simple way to increase the number of risk factors is to increase the number of
currencies and interest rate swaps dependent on them:
Number of | total number | value adjust- | interest rates foreign correlations
currencies of risk factors | ments exchange
1 5 3 2 0 0
2 12 3 4 2 3
3 19 3 i] 4 &
4 a8 3 & ] 21
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I Optimisation Quantum annealing results

- For a simple convex problem, the QPU time is the same for all dimensions for it is
found at the first run.

. For dimension greater than 12, the QPU is faster than the CPU as the compute time on
the QPU side.

. If we take into account the time spent to embed and reconstruct the solution, then

the compute time increases linearly with the dimension.
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I Optimisation Quantum annealing results

- Results are in line between CPU and QPU for small dimensions. It is not possible to
validate the result for higher dimension but it is reassuring to see the energy decreasing
smoothly has the number of dimensions decreases, almost linearly.
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I Optimisation Quantum annealing results

" For more complex (less convex) problem we are not reaching the optimum as easily:
u We get several observations (reads) from the same experiment ( usually 100)
" It can take several thousands runs to obtain it. We use the time to solution to compare

timing between QA and SA, which represents the time per unit run multiplied by the
average number of runs necessary to have a high level of confidence.

" Often post processing involving an optimisation method can be used to speed up the
search.
- But already the gain in speed is interesting:
" Simulate annealing necessitates running the XVA function several thousands times for
N=12 input variable. The compute time is increasing exponentially.
" Building the QUBO necessitates 4 N times the compute time of the XVA function (using

AAD, adjoint algorithmic differentiation, adjoint for first derivatives and tangent over
adjoint for second derivatives). It is then increasing linearly on the CPU side. If the result
can be reached linearly using the QPU then it becomes a really interesting proposition.

=> work in progress
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I CO ﬂ Cl U S | O ﬂ Potential problems

. Several potential problems need to be addressed:

This methodology is maybe too pessimistic as it relies on the portfolio suffering a
loss due to the realisation of the worst combination of factors at each date.

. The underlying assumption that the worst case scenario over a long period of time
is attainable by applying successive worst case scenario can be accepted intuitively
but is not proved. It is even possible to find counter examples where for example
exercisability can change the direction of a sensitivity. For example, the exercise
condition can have short term effect which has an opposite direction to its long
term effect.

The dynamic aspect of portfolio management is not included. This could be reduced
by auto hedging some risk factors with some counterparties.

We may need to review the size of shocks as they realise at successive time steps of
the simulation. For this we should use the serial correlation of risk factors or a series
of realised historical shocks of a particular stress period.
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I Conclusion nex

Financial stress testing is becoming a dominant part of the arsenal built by regulators to
protect the economic stability from the eventual distress of one or a series of financial
institutions. It is also a useful complement for senior managers and heads of desk who must
assess the size of their provisions and manage their tail risk.

We showed that it is possible to benefit from the speed and power of QA by expressing the
XVA reverse stressing as a QUBO (quadratic unconstrained binary optimisation) problem. As
of today few attempts to exploit guantum annealing in finance have been successful. One of
the reason was the difficulty to find and formulate a problem in a shape that could be solved
particularly well with this technique and not or less with others.

The model has been implemented using D-wave API (https://www.dwavesys.com/software)
and compared to a simulated annealing benchmark written in Matlab.

The next stage is to finish the comparison between simulated annealing and quantum
annealing results and performances measuring time to solution using production models and
real portfolios.

Already QA gives us a set of sub optimum solutions that can give a valuable insight on the
frailties of the portfolio in period of stress.

XVA QBIT 2019




I Bibliography :

- Green Andrew, 2015. XVA Credit Funding and Capital Valuation Adjustments, Wiley.

" Catherine C. McGeoch, 2015. Adiabatic Quantum Computation and Quantum Annealing: Theory and Practice,
Wiley

" EBA, 2018. EU-Wide Stress Test, Methodological Note.

u Peter Grundke, Kamil Pliszka, 2015. A Macroeconomic Reverse Stress Test, Bundesbank Discussion Paper.

" Peter Grundke, Kamil Pliszka, 2013. Empirical implementation of a quantitative reverse stress test for
defaultable fixed-income instruments with macroeconomic factors and principal components, Ssrn

u Vasil S. Denchev, Sergio Boixo, Sergei V. Isakov, Nan Ding, Ryan Babbush, Vadim Smelyanskiy, John Martinis,
and Hartmut Nevenl, 2016. What is the Computational Value of Finite Range Tunnelling? Google Inc.

" Basel Committee on Banking Supervision, 2014. Fundamental review of the trading book: A revised market
risk framework.

" Riccardo Rebonatto, 2017. Stress Testing with Bayesian Nets and Related Techniques: Meeting the
Engineering Challenges. EDHEC Business School.

" D-Wave, 2018. Getting Started with the D-Wave System, user manual. D-Wave.

|

David Venturelli, Alexei Kondratyev, 2018. Reverse Quantum Annealing Approach to Portfolio Optimization
Problems, USRA Research Institute for Advanced Computer Science and Data Analytics Group, Financial
Markets, Standard Chartered Bank, London.

XVA QBIT 2019




